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TRANSLATING SOLITONS OF THE MEAN CURVATURE FLOW
ASYMPTOTIC TO HYPERPLANES IN Rn+1
EDDYGLEDSON S. GAMA AND FRANCISCO MARTI´N
Abstract. A translating soliton is a hypersurface M in Rn+1 such that the family
Mt = M − t en+1 is a mean curvature flow, i.e., such that normal component of
the velocity at each point is equal to the mean curvature at that point H = e⊥n+1.
In this paper we obtain a characterization of hyperplanes which are parallel to
the velocity and the family of tilted grim reaper cylinders as the only translating
solitons in Rn+1 which are C1-asymptotic to two half-hyperplanes outside a non-
vertical cylinder. This result was proven for translators in R3 by the second author,
Perez-Garcia, Savas-Halilaj and Smoczyk under the additional hypotheses that the
genus of the surface was locally bounded and the cylinder was perpendicular to
the translating velocity.
1. Introduction
Consider F (·, t) : Mn → Rn+1 a one-parameter family of smooth immersed hy-
persurfaces in Rn+1. We say that Mt := F (M, t) is a mean curvature flow if it
satisfies:
∂tF (p, t) = H(p, t), p ∈M, t > 0,
F (p, 0) = F0(p),
where H(p, t) means the mean curvature vector of the hypersurface Mt at the point
F (p, t), and F0 is a given initial immersion. It is well known (see [31] for instance)
that if the initial hypersurface is compact, then the flow develops singularities in
finite time. In particular we have that |A(p, t)| is not bounded when we approach
the maximal time T . Singularities are classified according to the rate at which
maxp∈Mt |A(p, t)| blows up. If there is a constant C > 1 such that
max
p∈Mt
|A(p, t)|
√
2(T − t) ≤ C,
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then we say that the flow develops a Type I singularity at instant T . Otherwise,
that is, if
lim sup
t→T
max
p∈Mt
|A(p, t)|
√
(T − t) = +∞,
we say that is a Type II singularity.
An standard example a Type II singularity is given by a loop pinching off to a
cusp (see Figure 1). S. Angenent [4] proved, in the case of convex planar curves, that
singularities of this kind are asymptotic (after rescaling) to the grim reaper curve
y = −log(cosx), x ∈ (−pi/2, pi/2), which moves set-wise by translation. In this case,
up to inner diffeomorphisms of the soliton, it can be seen as an eternal solution of the
curve shortening flow which evolves by translations. In this paper we are interested
in this type of solitons, which we will call translating solitons (or translators) from
now on. In general, a translating soliton is an oriented hypersurface M in Rn+1
whose mean curvature vector field H satisfies H = v⊥ where v ∈ Rn+1 is a fixed
vector. The vector v is called the velocity. In particular, we have that the scalar
mean curvature satisfies:
(1) H = −〈v, ξ〉,
where ξ is the Gauss map of M. As we mentioned before, up to an intrinsic diffeo-
morphism of M , Mt := M + tv is a mean curvature flow. From now on, we will
assume (up to dilations and rigid motions) that the velocity of the flow is en+1.
Figure 1.
The cylinder over a grim-reaper curve, i.e. the hypersurface in Rn+1 parametrized
by F :
(−pi
2
, pi
2
)× Rn−1 −→ Rn+1 given by
F (x1, . . . , xn) = (x1, . . . , xn,− log cosx1),
is a translating soliton, and appears as limit of sequences of parabolic rescaled solu-
tions of mean curvature flows of immersed mean convex hypersurfaces. For example,
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we can take product of the loop pinching off to a cusp times Rn−1. We can produce
others examples of solitons just by scaling and rotating the grim reaper cylinder. In
this way, we obtain a 1−parameter family of translating solitons parametrized by
Fθ :
(
− pi
2 cos(θ)
, pi
2 cos(θ)
)
× Rn−1 −→ Rn+1
(2) Fθ(x1, . . . , xn) = (x1, . . . , xn,− sec2(θ) log cos(x1 cos(θ)) + tan(θ)xn),
where θ ∈ [0, pi/2). Notice that the limit of the family Fθ, as θ tends to pi/2, is a
hyperplane parallel to en+1.
Figure 2. The regular grim reaper cylinder in R3 and the tilted grim
reaper for θ = pi/4.
Clutterbuck, Schnu¨rer and Schulze [7] (see also [1]) proved that there exists an
entire graphical translator in Rn+1 which is rotationally symmetric, strictly convex
with translating velocity en+1. This example is known as the translating paraboloid
or bowl soliton. Moreover, they classified all the translating solitons of revolution,
giving a one-parameter family {W nλ }λ>0 of rotationally invariant cylinders called
translating catenoids. The parameter λ control the size of the neck of each trans-
lating soliton. The limit, as λ→ 0, of W nλ consists of two copies of the bowl soliton
with a singular point at the axis of symmetry. Furthermore, all these hypersurfaces
4 E. S. GAMA AND F. MARTI´N
have the following asymptotic expansion as r approaches infinity:
r2
2(n− 1) − log r +O(r
−1),
where r is the distance function Rn.
Figure 3. The translating catenoid for λ = 2.
Recent years have witnessed the appearance of numerous examples of translators;
see [8],[14],[15], [16] and [18] for more references about construction of translators. It
is interesting to notice that all the known examples of complete, properly embedded,
translating solitons are asymptotic to either bowl solitons or hyperplanes which are
parallel to en+1.
Once this abundance of translating solitons is guaranteed, then arises the need
to classify them. One of the first classification results was given by X.-J. Wang in
[26]. He characterized the bowl soliton as the only convex translating soliton which
is an entire graph. Very recently, J. Spruck and L. Xiao [23] have proved that a
translating soliton which is graph over the whole R2 must be convex.
R. Haslhofer [9] showed that any strictly convex, uniformly two-convex translator
which is non-collapsing is necessarily rotationally symmetric. In this line of work,
T. Bourni and M. Langford [5] proved that a translator which arises as a proper
blow-up limit of a two-convex mean curvature flow of immersed hypersurfaces is
rotationally symmetric.
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Using the classic Alexandrov’s method of moving hyperplanes, F. Mart´ın, A.
Savas-Halilaj, and K. Smoczyk [12] showed that the bowl soliton is the only trans-
lating soliton that has one end and is C∞-asymptotic to a bowl soliton. Besides that,
these authors obtained one of the first characterizations of the family of tilted grim
reaper cylinders, as the only connected translation solitons in Rn+1, n ≥ 2, such
that the function |A|2H−2 has a local maximum in M \ H−1(0). Some interesting
classification results of grim reaper cylinders can be also found in [24].
Another characterization of the grim reaper cylinder in Euclidean 3-space, in terms
of its asymptotic behaviour, was given by F. Mart´ın, J. Pe´rez-Garc´ıa, A. Savas-
Halilaj, and K. Smoczyk [13, 17]. They proved that the grim reaper cylinder is the
only connected, properly embedded, translating soliton of dimension 2, with locally
bounded genus and being C1-asymptotic to two different half-planes. Their proof
uses the well known fact that this kind of solitons can be seen as minimal surfaces in
R3 with metric ex3〈·, ·〉, combined with a compactness theorem for minimal surfaces
in Euclidean 3-manifolds due to B. White [30]. This compactness theorem is used
for determining the asymptotic shape of the surface. Finally, the authors applied
the classic versions of the maximum principle to prove that if a translating soliton is
smoothly asymptotic to a grim reaper cylinder, then it must coincide with the grim
reaper cylinder.
It is not known whether White’s compactness theorem has an extension for higher
dimensions and, even in dimension 3, it does not work without the hypothesis of
locally bounded genus. So, the proof in [13] fails for higher dimensions and without
the hypothesis of locally bounded genus. Moreover, the tilted grim reaper cylinder
given by (2) is C1−asymptotic to two half-hyperplanes outside a non-horizontal
cylinder. Hence, it is natural to ask if it is possible to generalize the theorem for
arbitrary dimensions n ≥ 2, without any further assumptions about the topology
of the soliton or the axis of the cylinder. Surprisingly, the maximum principle for
varifolds and the compactness theorem for stationary integral varifolds, allow us to
give a positive answer to these questions.
Theorem 1.1. The hyperplanes which are parallel to en+1 and the family of tilted
grim reaper cylinders are the only complete, connected, properly embedded, translat-
ing solitons in Rn+1, n ≥ 2, which are C1-asymptotic to two half-hyperplanes outside
a non-vertical solid cylinder. Moreover, if n < 7 hyperplanes parallel to en+1 are
the only examples which are C1-asymptotic to two half-hyperplanes outside a vertical
cylinder.
We would like to point out that the previous theorem is sharp in the following
sense: if we remove the hypothesis about the cylinder, then the result is false. Given
a vertical slab in Rn+1 of width w > pi, Hoffman, Ilmanen, White and the second
author [10] have constructed a (n − 1)-dimensional family of complete graphical
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translators over this strip. When the translator that they construct is rotationally
symmetric (see also [6]), then these authors also get uniqueness. From now on, we
will refer these examples as ∆-wings. When the ∆-wing is rotationally symmetric,
then it is also convex and it is also asymptotic to the tilted grim reaper cylinder
by angle θ = ± arccos pi
w
. These graphs are asymptotic to the vertical planes {x1 =
±w/2}, but it is impossible (by the convexity) to find a cylinder in the hypothesis
of our theorem. On the other hand, if we increase the number of asymptotic planes
outside the cylinder, then X. H. Nguyen [14, 15] also produced counterexamples.
Figure 4. Ilmanen’s example of width
√
2pi.
This paper is structured as follows. In Section 2, we give a short review of results
from Geometric Measure Theory that we need in the paper. In Section 3, we obtain
a lemma which shows that every complete, properly embedded translating soliton
in Rn satisfying the assumptions of Theorem 1.1 has a surprising amount of internal
dynamical periodicity. Finally, in the last section of this paper, we prove the main
theorems.
Acknowledgements. We thank Brian White for valuable conversations and
suggestions about this work. E. S. Gama is also very grateful to the Institute of
Mathematics at the University of Granada for its hospitality during the time the
research and preparation of this article were conducted.
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2. Background
In this section we will make a short review of the background we need about
translating solitons and Geometric Measure Theory1.
2.1. Translating Solitons. An oriented hypersurface M in Rn+1 satisfying
H = v⊥,
is called a translating soliton or translator of the mean curvature flow. Recall that we
are assuming that v = en+1, where B = {e1, e2, . . . , en+1} is the canonical basis of
Rn+1. The following theorem due to T. Ilmanen gives us the key to relate translating
solitons with objects that are very well known and studied; minimal hypersurfaces.
Theorem 2.1 (Ilmanen [11]). Translating solitons with respect to en+1 in Rn+1 are
minimal hypersurfaces with respect to the metric g = e
2
n
xn+1〈·, ·〉, where 〈·, ·〉 is the
Euclidean metric.
Now we are going to define what we mean by a hypersurface being asymptotic to
half-hyperplanes outside a cylinder.
Definition 2.1. Let H a open half-hyperplane in Rn+1 and w the unit inward point-
ing normal of ∂H. For a fixed positive number δ, denote by H(δ) the set given
by
H(δ) := {p+ tw : p ∈ ∂H and t > δ} .
We say that a smooth hypersurface M is Ck−asymptotic to the open half-hyperplane
H if M can be represented as the graph of a Ck− function ϕ : H −→ R such that
for every  > 0, there exists δ > 0, so that for any j ∈ {1, 2, . . . , k} it holds
sup
H(δ)
|ϕ| <  and sup
H(δ)
|Djϕ| < .
We will say that a smooth hypersurface M is Ck−asymptotic outside a cylinder to
two half-hyperplanes H1 and H2 if there exists a solid cylinder C such that:
i. The solid cylinder C contains the boundaries of the half-hyperplane H1 and
H2,
ii. M\C consists of two connected components M1 and M2 that are Ck−asympto-
tic to H1 and H2, respectively.
Remark 2.1. Notice that the solid cylinders in Rn+1 that we are considering are
those whose boundary is isometric to S1(r) × Rn−1, where S1(r) is the sphere of
radius r.
1A short review about varifolds can be found in the appendix of [28].
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Simple examples of this case are the hyperplanes parallel to en+1. Others examples
are given by the family of tilted grim reaper cylinders, which are C∞−asymptotic
to two half-hyperplanes outside the corresponding tilted cylinder.
2.2. Maximum Principle. In this short section, we are going to give a short review
of the maximum principle for varifolds. Before stating it, let us recall the classical
version of the maximum principle.
Theorem 2.2 (Interior Maximum Principle). Let M1 and M2 be n−dimensional
embedded translating solitons, with not necessarily empty boundaries, in the Eu-
clidean space Rn+1. Suppose that there exists a common point x in the interior of
M1 and M2 where the corresponding tangent spaces coincide and that M1 lies at one
side of M2. Then M1 = M2.
Although this maximum principle has very useful applications, it requires a very
strong hypothesis: smoothness. As we will work with varifolds, we will need another
version of this theorem that can be applied in this setting. The version that we will
use in this paper is due to B. Solomon and B. White in [21] ( see also [29] Theorem
4). Recall that a varifold V in a Riemannian manifold N minimizes area to first
order if the first variation of V , denoted by δV , satisfy
δV (X) ≥ 0,
for every compactly supported C1 tangent vector field X on N satisfying
〈X, ν∂N〉 ≥ 0
at all point of ∂N, where ν∂N is the unit inward pointing normal of ∂N . After this
short review, we can state the one of the main tools of this paper.
Theorem 2.3 (Strong Maximum Principle for Minimal Hypersurfaces [21]). Sup-
pose that Nm+1 is a Riemannian manifold, not necessarily complete, with connected
non-empty boundary ∂N , and that Nm+1 is mean convex, i.e. that
〈H, ν∂N〉 ≥ 0
on ∂N where H is the mean curvature vector of ∂N and where ν is the unit inward
pointing normal of ∂N . Let V be a m-dimensional varifold that minimizes area to
first order in Nm+1. If sptV contains point of ∂N , then it must contain all ∂N .
2.3. Compactness Theorems for Varifolds. The purpose of this section consists
of reviewing the compactness theorems for varifolds that we will need along the
paper. These theorems combined with the strong maximum principle for minimal
hypersurfaces will be our main tools. Let us start with the definitions of weak
convergence and smooth convergence. Further details can be found in [2, 19, 22].
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Definition 2.2. Let {Vi}i∈N be a sequence of varifolds in a smooth manifold N .
We say that {Vi} converges weakly to the varifold V , if for every smooth function
ϕ : N −→ R with compact support we have
lim
i−→∞
∫
N
ϕdµVi =
∫
N
ϕdµV ,
where dµVi is the Radon measure in N associated to the varifold Vi. If the sequence
{Vi} converges weakly to V , then we will write Vi ⇀ V .
Now let M be a hypersurface in a Riemannian manifold N . Given p ∈ M and
r > 0 we denote by
Br(p) = {v ∈ TpM : |v| < r}
the tangent ball around p of radius r. Consider now TpM as a vector subspace of
TpN and let ν be a unit normal vector to TpM in TpN. Fix a sufficiently small  > 0
and denote by Wr,(p) the solid cylinder around p, that is
Wr,(p) :=
{
expp(q + tν) : q ∈ Br(p) and |t| < 
}
,
where exp is the exponential map of the Riemannian manifold N. Given a smooth
function f : Br(p) −→ R, the set
Graph(f) :=
{
expp(q + f(q)ν) : q ∈ Br(p)
}
,
is called the graph of f over Br(p).
Now, we can define the convergence in C∞−topology.
Definition 2.3. Let {Mi} be a sequence of hypersurfaces in a smooth manifold N .
We say that {Mi} converges in C∞− topology with finite multiplicity to a smooth
embedded hypersurface M if
a. M consists of accumulations points of {Mi}, that is, for each p ∈ M there
exists a sequence {pi} such that pi ∈Mi, for each i ∈ N, and p = limi pi;
b. For every p ∈M there exists r,  > 0 such that M∩Wr,(p) can be represented
as the graph of a function f over Br(p);
c. For i large enough, the set Mi ∩Wr,(p) consists of a finite number, k, inde-
pendent of i, of graphs of functions f 1i , . . . , f
k
i over Br(p) which convergence
smoothly to f.
The multiplicity of a given point p ∈M is defined by k. As {Mi} converges smoothly
to M , then we will write Mi −→M .
Remark 2.2. In general, the limit submanifold is not necessarily connected.
At this point, we can state the weak version of the compactness theorem ( see [2,
section 6.4] or [19, Theorem 42.7]).
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Theorem 2.4 (Compactness Theorem for Integral Varifold [2]). Let {Mi} be a
sequence of minimal hypersurfaces in Rn+1, with not necessary the canonical metric,
whose area is locally bounded, then a subsequence of {Mi} converge weakly to a
stationary integral varifold M∞.
Remark 2.3. Notice that in the previous theorem we may have M∞ = ∅. Indeed,
if Mi := {x ∈ Rn+1 : 〈x, en+1〉 = i}, then {Mi} is a sequence of minimal hy-
persurfaces in Rn+1 with the Euclidean metric whose area is locally bounded and
Mi ⇀ ∅.
Actually, when we know that each Mi is stable, then we can conclude that the
convergence above is strong, in the sense that it is smooth away from a closed set,
called the singular set. This is the content of the next theorem (see [22, Theorem 3]
and [27, Theorem 18.1]).
Theorem 2.5 (Strong Compactness Theorem [22]). Let {Mi} be a sequence of stable
minimal hypersurfaces in Rn+1, with not necessary the canonical metric, with locally
bounded area. Then there exist a closed set, Sing, and a stationary integral varifolds,
M∞, such that a subsequence of {Mi} converges smoothly to M∞ away from Sing.
Moreover, the set Sing has Haussdorff dimension at most n− 7. Hence it is empty
for n < 7.
As in [13], we will regard all translating solitons as minimal hypersurfaces in
Rn+1 with Ilmanen’s metric. Then we use the maximum principle and compactness
theorems to get a point of contact with a given smooth hypersurface, in our case
either hyperplanes parallel to en+1 or an element in the family of tilted grim reaper
cylinders. In our search for points of contact, it will be interesting to know if a
given translator is stable. Hence, we can use the previous theorem to get smooth
convergence and to obtain more information about our hypersurface. Similarly to
what happens to minimal hypersurfaces in Rn+1 with the canonical metric, it is
possible show that graphs are stable. This simple criterion is due to L. Shahriyari
for n = 2.
Theorem 2.6 (Shahriyari [20]). Let M be a translator hypersurface which is a graph
over a hyperplane. Then, as minimal graphical hypersurface in Rn+1 with Ilmanen’s
metric, is stable.
Remark 2.4. Although Shahriyari proved the above result for n = 2, it is straight-
forward to check that the same proof works for arbitrary dimensions. Y. L. Xin [25]
proved that if M is a vertical graph, then it is area-minimizing as a hypersurface in
Rn+1 with Ilmanen’s metric.
Another theorem that we will need in this paper is a version of Allard’s regular-
ity theorem. This theorem gives us a powerful criterion to decide when the weak
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convergence is in fact smooth. This version of the Allard’s regularity theorem due
to White [32].
Theorem 2.7 (Allard’s Regularity Theorem). Let {Mi} be a sequence of properly
embedded minimal hypersurfaces without boundary in Rn+1, with not necessarily the
canonical metric. Suppose that sequence {Mi} in Rn+1 converges weakly to S ⊂M ⊂
Rn+1, where M is a connected smoothly embedded hypersurface, and some point in
M has a neighbourhood U ⊂ Rn+1 such that {Mi ∩ U} converges weakly to M ∩ U
with multiplicity one, then {Mi} converges to M smoothly and with multiplicity one
everywhere.
3. The Dynamics Lemma
Fix θ ∈ [0, pi/2) and define uθ := − sin(θ) · en + cos(θ) · en+1. For a given r > 0,
we consider the cylinder
C := {x = (x1, . . . , xn+1) ∈ Rn+1 : x21 + 〈uθ, x〉2 ≤ r2}.
Throughout this section Mn will be a complete, connected, properly embedded
translating soliton in Rn+1 such that, outside C, M is C1–asymptotic to two half-
hyperplanes H1 and H2. In this section, we are going to obtain our main lemma
which shows that such a soliton has a surprising amount of internal dynamical peri-
odicity. As a consequence, we shall deduce several properties about the asymptotic
geometry of M .
Lemma 3.1 (Dynamics Lemma). Let M be a hypersurface as above. Suppose that
{bi}i∈N is a sequence in [e1, uθ]⊥ and let {Mi}i∈N be a sequence of hypersurfaces given
by Mi := M + bi. Then, after passing to a subsequence, {Mi} converges weakly to
a connected stationary integral varifold M∞. Moreover, M∞ is smooth outside the
cylinder C and away from a singular set of Hausdorff dimension at most n− 7, and
the convergence is smooth outside the cylinder and away from the singular set.
Proof. The strategy of the proof follows a similar argument as in [13]. However, as we
do not assume any hypotheses about the topology (inside the cylinder) besides the
fact that we are working in arbitrary dimensions, then we have to use the Theorem
2.4 to overcome the difficulties.
From our assumption on M , there exist r > 0 and two half-hyperplanes, H1 and
H2, such that the connected components ofM outside C are C1−asymptotic to them.
Let w1 and w2 are the unit inward normal vectors of ∂H1 and ∂H2, respectively. For
every δ > 0 consider the closed half-hyperplanes Hk(δ) := {p+ twk : p ∈ ∂Hk and
t ≥ δ}, k = 1, 2. For k = 1, 2, let Z+k,δ denote the half-space in Rn+1 which contains
H1+k(δ) and whose boundary contains ∂H1+k(δ) and is perpendicular to wk. We
also call Z−k,δ := (Rn+1 −Z+k,δ) ∪ ∂Z+k,δ, for k = 1, 2.
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Figure 5. Transversal section of the behaviour of Mi.
Now consider the sets M+k,i(δ) := Mi ∩ Z+k,δ and M−i (δ) := Mi ∩ Z−1,δ ∩ Z−2,δ, for
all k ∈ {1, 2}. In order to apply the compactness results in §2.3, we must deduce
that the sequences
{
M+k,i(δ)
}
and
{
M−i (δ)
}
have locally bounded area. This can
be done by using similar ideas as in [13, Lemma 3.1]. Let us explain something
about the proof of this fact. First for all, we should show that
{
M+k,i(δ)
}
has locally
bounded area for a sufficiently large δ > 0. This can be done by using the fact that
M+k,i(δ) can be represented as graph of a function defined over a half-hyperplane.
Now, we fix a sufficiently large δ, using the fact that the boundary of M−i (δ) can be
represented as graph, and obtain that the boundary of the sequence {M−i (δ)} has
locally bounded area. Now the area blow-up set defined by
(3) U := {x ∈ Rn+1 : lim sup Area(M−i (δ) ∩B(p, r)) =∞ for every r > 0}
lies inside a large non-horizontal cylinder, where B(p, r) is the geodesic ball in Rn+1
with Ilmanen’s metric. We need to prove that U = ∅ to get that the sequence
{M−i (δ)} has locally bounded area too. Arguing by contradiction, let us suppose
that U 6= ∅. In this case, we could take a tilted grim reaper cylinder whose axis is
perpendicular to C and it does not intersect C. Now we could move the tilted grim
reaper cylinder until we get a first point of contact with U , but the Strong Barrier
Principle [30, Theorems 2.6 and 7.3] says that U must be the tilted grim reaper
cylinder, which is absurd.
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As the sequence {Mi} has locally bounded area, by Theorem 2.4 there exists
a subsequence of {Mi}, which we still denote by {Mi}, that converges weakly to
the stationary integral varifold M∞. Furthermore, as outside C both connected
components of Mi are graphs (in particular stable by Theorem 2.6), we can apply
Theorem 2.5 to conclude that the convergence is smooth outside C and away from a
singular set with dimension at most n− 7. This implies that M∞ is smooth outside
C and away from the singular set.
Using this last fact, we can conclude the connectedness of M∞ as follows. Tak-
ing into account that any loop in Rn+1 intersects M∞ in an even numbers of points
(counting multiplicity), then both wings of M∞ must lie in the same connected com-
ponent. Indeed, if this was not true, then we could choose the above mentioned loop
intersecting M∞ at one unique point (because M∞ is smooth outside a sufficiently
large cylinder and away from singular set) which is absurd. This implies that if M∞
is not connected, there would be a connected component inside the cylinder. In this
case we can consider a suitable tilted grim reaper (whose axis is perpendicular to
uθ) of sufficiently large coordinate in the direction of uθ so that it is not intersect
the solid cylinder. Now, if we move it in the direction of −uθ until it touchs the
component inside the cylinder at a first point of contact, then we get a contraction
because the component inside the cylinder must be the whole tilted grim reaper by
Theorem 2.3. Hence M∞ is connected. 
Remark 3.1. Notice that the proof above shows a stronger property. Suppose Mi ⇀
M∞, where {Mi} and M∞ are as in the previous lemma. Take any sequence {cj}j∈N
in the subspace [e1, uθ]
⊥ and define the sequence {Mj := M∞ + cj} of connected
stationary integral varifolds. Reasoning as above, we have that the sequence {Mj}
has locally bounded area on the compacts sets and the singular set of each Mj has
Hausdorff dimension at most n− 7 . Therefore by [22, Theorem 3] or [27, Theorem
18.1] we can assume, up to a subsequence, thatMj ⇀M∞, whereM∞ is a stationary
integral varifold whose singular set has Hausdorff dimension at most n−7 and away
from the singular it is stable hypersurface. Then, we can apply the argument above
to conclude that M∞ satisfies the same properties as M∞.
Now we are going to use the previous lemma to conclude that w1 and w2 are
parallel to uθ. Moreover, if the half-hyperplanes H1 and H2 are parts of the same
hyperplane, then M is a hyperplane parallel to en+1.
Lemma 3.2. Let M be a hypersurface as above. Then, the half-hyperplanes H1
and H2 must be parallel to en+1. Moreover, if H1 and H2 are parts of the same
hyperplane Π, then M must coincide with Π.
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Proof. We will proceed by contraction. Assume to the contrary that the half-
hyperplane
H1 = {p+ tw1 : p ∈ ∂H1, t > 0}
is not parallel to direction of translation en+1. Notice that ej and En are perpendic-
ular to w1 for all j ∈ {2, . . . , n− 1}, where En := cos(θ)en + sin(θ)en+1. Therefore
w1 is not parallel to uθ. In this case, w1 form a non-vanishing angle only with e1,
that we denote by α := ](e1, w1). Suppose that cosα > 0. For given real numbers
t and l, we consider the tilted grim reaper cylinder:
Gt,l :=
{
Fθ(x1 − t, x2, . . . , xn) + te1 + luθ : |x1 − t| < pi2 cos(θ) , (x2, . . . , xn) ∈ Rn−1
}
.
By our assumptions about M , if δ is sufficiently large then M+1 (δ) := M ∩ Z+1,δ is
sufficiently close to H1. From this we can conclude that there exist sufficiently large
t0, l0 ∈ R so that Gt0,l0 do not intersect M+1 (δ) (see Figure 6). In fact, we can choose
t0 so that ∂M
+
1 (δ)∩ St0 = ∅, where St0 =
(
t0 − pi2 cos(θ) , t0 + pi2 cos(θ)
)
× Rn. Since H1
is not parallel to en+1 if we translate Gt0,l0 at direction of −uθ we conclude that
there exists a first l1 such that either Gt0,l0−l1 and M+1 (δ) have a point of contact or
dist
(Gt0,l0−l1 ,M+1 (δ)) = 0.
Figure 6. Transversal section of the behaviour of M+1 (δ) and Gt0,l0 .
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According to Theorem 2.3 the first case cannot be possible because of our as-
sumptions on M. On the other hand, the second case implies that there exists a
sequence
{
pi = (p
1
i , . . . , p
n+1
i )
}
in M+1 (δ) such that:
a. The sequence
{〈pn+1i , uθ〉} is bounded in R;
b. limi dist
(Gt0,l0−l1 , pi) = 0.
Note that the sequence {p1i } is bounded (by the asymptotic behaviour of Gt0,l0−l1).
Thus, up to a subsequence, we can suppose {p1i } → p1∞ and {〈pi, uθ〉} → puθ∞ . Let{
Mi := M − (0, p2i , · · · , pn+1i ) + 〈pi, uθ〉uθ
}
be a sequence of hypersurfaces in Rn+1.
By Lemma 3.1, we can suppose that Mi ⇀M∞, where M∞ is a connected stationary
integral varifold. We claim that p∞ = p1∞e1 + p
uθ∞uθ ∈ sptM∞. Indeed, take any
small open ball Br(p∞) of radius r around p∞ in Rn+1 and let p∗i = p1i e1 + 〈pi, uθ〉uθ.
Since {p∗i } → p∞, we obtain that there is an i0 such that distg (p∗i , p∞) < r4 . Now
fix any  ∈ (0, r
8
)
. Using the definition of limit of variolfd (see [2], Section 2.6), we
have
lim
i
µMi(Br(p∞)) = µM∞(Br(p∞)),
where µMi is the Radon (Riemannian) measure in Rn+1 associated to Mi. On the
other hand, if i > i0 we have µMi(Br(p∞)) ≥ µMi(B(p∗i )) ≥ c(n, ) by the mono-
tonicity formula for varifold, where c(n, ) is a positive constant that depends only
on n and , because each Mi is a smooth hypersurface. In particular, we have
µM∞(Br(p∞)) ≥ c(n, ) > 0,
that is, p∞ ∈ sptM∞, and follows that sptM∞ and Gt0,l0−l1 have a point of contact
at p∞. Therefore, by Theorem 2.3 we must have M∞ = Gt0,l0−l1 . But this is clearly
impossible by our assumption about w1 and Theorem 2.7. Analogously, we can
conclude that cosα cannot be negative and that H2 is parallel to en+1.
Finally, if H1 and H2 are part of the same hyperplane Π, which we suppose to
be [e1]
⊥, then we claim that the first coordinate must be constant on M . In fact,
suppose to the contrary that this is true. In this case, the first coordinate x1 takes
a extreme value either at point in M or along of a sequence
{
pi = (p
1
i , . . . , p
n+1
i )
}
such that {〈pi, uθ〉} → puθ∞ . From Theorem 2.3 the first case is impossible. Re-
garding the second case, suppose that {x1(pi)} → supM x1(> 0) and let us denote
Π1 := sup
M
x1e1 + span[e2, . . . , en, uθ]. Again, if we consider the sequence{
Mi := M − (0, p2i , . . . , pn+1i ) + 〈pi, uθ〉uθ
}
,
by Lemma 3.1, a subsequence converges to M∞, where M∞ is a connected station-
ary integral varifold, thus (reasoning as above) we have a interior point of contact
between sptM∞ and Π1. So, by Theorem 2.3 we conclude that M∞ = Π1, which is
impossible. This shows that the first coordinate x1 is constant. Therefore M must
be the hyperplane Π. 
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Let us finish this section with another application of Lemma 3.1.
Lemma 3.3. Let M be a hypersurface satisfying the previous conditions and assume
that the half-hyperplanes H1 and H2 are distinct. Consider a domain Σ of M (not
necessarily compact) with non-empty boundary ∂Σ such that the function x 7→ 〈x, uθ〉
of Σ is bounded. Then the supremum and the infimum of the x1−coordinate function
of Σ are reached along the boundary of Σ i.e., there exists no sequence {pi} in
the interior of Σ such that lim
i→∞
dist (pi, ∂Σ) > 0 and either lim
i→∞
x1(pi) = sup
Σ
x1 or
lim
i→∞
x1(pi) = inf
Σ
x1.
Proof. The proof of this Lemma follows the same ideas as in [13]. The only difference
is that in the proof we should use the Lemma 3.1 and Theorem 2.3 to conclude. 
4. The proof of the main theorems
4.1. The case θ ∈ [0, pi/2). This section is devoted to demonstrating the main
theorem for θ ∈ [0, pi/2). As in the previous section, we fix θ ∈ [0, pi/2) and define
uθ = − sin(θ) · en + cos(θ) · en+1.
Theorem 4.1. Let f : M −→ Rn+1 be a complete, connected, properly embedded
translating soliton and consider C := {x ∈ Rn+1 : 〈x, e1〉2 + 〈uθ, x〉2 ≤ r2}, where
r > 0. Assume that M is C1-asymptotic to two half-hyperplanes outside C. Then we
have one, and only one, of these two possibilities:
(a) Both half-hyperplanes are contained in the same hyperplane Π parallel to en+1
and M coincides with Π;
(b) Both half-hyperplanes are included in different parallel hyperplanes and M coin-
cides with a tilted grim reaper cylinder.
We will divide the proof of the theorem in many lemmas. But, before we start
with the proof, we have to introduce some notation that we will use throughout the
whole section.
Following [12] and [13], let us define the foliation of Rn+1 given by
(4) Π(t) =
{
x ∈ Rn+1 : 〈x, e1〉 = t
}
.
Furthermore, given A ⊂ Rn+1 and t ∈ R, let us define the sets
A+(t) = {x ∈ A : 〈x, e1〉 ≥ t} , A−(t) = {x ∈ A : 〈x, e1〉 ≤ t}
A+(t) = {x ∈ A : 〈x, uθ〉 ≥ t} , A−(t) = {x ∈ A : 〈x, uθ〉 ≤ t} .
Recall that we are assuming that the translating velocity is en+1. From Lemma
3.2, we work only in the case when the half-hyperplanes H1 and H2 lie in different
and parallel hyperplanes to en+1. So, up to a translation, we can assume that the
half-hyperplanes are contained in Π (−δ) and Π (δ), for a certain δ > 0. Let us begin
by proving that both half-hyperplanes are parallel to uθ.
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Lemma 4.1. The two connected components of M which lie outside the cylinder C
point in the same direction of uθ.
Proof. First of all, notice that M cannot be asymptotic to the half-hyperplanes
H1 =
{
x ∈ Rn+1 : 〈x, uθ〉 < r1 < 0, x1 = −δ
}
and
H2 =
{
x ∈ Rn+1 : 〈x, uθ〉 < r2 < 0, x1 = δ
}
.
This is a trivial consequence of Theorem 2.3, when one compares M with a suitable
copy of a tilted grim reaper transverse to the hyperplane Π(0) (as we did at the end
of the proof of Lemma 3.1).
For the remaining cases, we proceed again by contradiction. Suppose at first that
H1 =
{
x ∈ Rn+1 : 〈x, uθ〉 > r1 > 0, x1 = −δ
}
and
H2 =
{
x ∈ Rn+1 : 〈x, uθ〉 < r2 < 0, x1 = δ
}
for some r1 > 0 and r2 < 0. Given t and l in R, let Gt,l be the tilted grim reaper
cylinder defined by
(5)
Gt,l :=
{
Fθ(x1 − t, x2, . . . , xn) + te1 + luθ : |x1 − t| < pi2 cos(θ) , (x2, . . . , xn) ∈ Rn−1
}
Consider G
pi
2 cos(θ)
+δ,0
, which lie in
(
δ, δ + pi
cos(θ)
)
×Rn (see Figure 7). Note that it is
asymptotic to the half-hyperplanes Π (δ) and Π
(
δ + pi
cos(θ)
)
. Fix  ∈ (0, 2δ). Using
the fact that G
pi
2 cos(θ)
+δ,0
is asymptotic to the half-hyperplanes outside the cylinder,
then there exists δ1 > r1, depending only on , such that
2
(6) G
pi
2 cos(θ)
+δ,0⋂Z+δ1 ⊂ [(δ, δ + 2)× Rn] ∩ {x ∈ Rn+1 : 〈x, uθ〉 > δ1}.
On the other hand, taking into account the asymptotic behaviour of M and our
assumptions about the wings, there exists a δ2 > −r2, depending only on , such
that
(7) M
⋂
Z+δ2 ⊂
[(
δ − 
2
, δ + 
2
)× Rn] ∩ {x ∈ Rn+1 : 〈x, uθ〉 < δ2}.
From (6) and (7), there exists a t > 0 such that the tilted grim reaper cylinder
G
pi
2 cos(θ)
+δ+t,−δ1−δ2−1
satisfies
G
pi
2 cos(θ)
+δ+t,−δ1−δ2−1⋂
M = ∅
2Here we are using the same notation of Lemma 3.1.
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Figure 7. Transversal section of the M+1 (δ) and G
pi
2 cos(θ)
+δ,0
.
Now, since  ∈ (0, 2δ), there is a finite t0 such that eitherM and G
pi
2 cos(θ)
+δ+t0,−δ1−δ2−1
have a first point of contact or there is a sequence
{
pi = (p
1
i , . . . , p
n+1
i )
}
in M satis-
fying the next conditions:
i. {〈pi, uθ〉} is a bounded sequence;
ii.
{
(0, p2i , . . . , p
n+1
i )− 〈pi, uθ〉uθ
}
is an unbounded sequence;
iii.
(8) lim
i
{
dist
(
pi,G
pi
2 cos(θ)
+δ+t0,−δ1−δ2−1
)}
= 0,
Notice that in this last case the sequence {p1i } is bounded because to the asymp-
totic behaviour of M . Thus we can suppose {p1i } → p1∞ and {〈pi, uθ〉} → puθ∞ . In
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particular, from (8), we have
p1∞e1 + p
uθ∞uθ ∈ G
pi
2 cos(θ)
+δ+t0,−δ1−δ2−1
.
According Theorem 2.3 and the asymptotic behaviour of M the first case cannot
happen. Regarding the second case, let us define the sequence{
Mi := M − (0, p2i , . . . , pn+1i ) + 〈pi, uθ〉uθ
}
.
By Lemma 3.1, up to a subsequence, we have that Mi ⇀ M∞, where M∞ is a
connected stationary integral varifold. Arguing as in Lemma 3.2, we have
p1∞e1 + p
uθ∞uθ ∈ sptM∞ ∩ G
pi
2 cos(θ)
+δ+t,−δ1−δ2−1
.
Thus, by Theorem 2.3 we get
M∞ = G
pi
2 cos(θ)
+δ+t0,−δ1−δ2−1
.
But this is impossible by the asymptotic behaviour of M .
The case when
H1 =
{
x ∈ Rn+1 : 〈x, uθ〉 < r1 < 0, x1 = −δ
}
and
H2 =
{
x ∈ Rn+1 : 〈x, uθ〉 > r2 > 0, x1 = δ
}
can be excluded using a symmetric argument. This concludes the proof. 
We shall see now that our embedded soliton must lie in the slab limited by the
hyperplanes Π(−δ) and Π(δ).
Lemma 4.2. M lies inside the slab S := (−δ, δ)× Rn.
Proof. Assume that λ := supM x1 > δ and consider the domain
Σ =
{
x ∈M : 〈x, e1〉 ≥ δ+λ2
}
.
The asymptotic behaviour of M tells us that the function x 7→ 〈x, uθ〉 is bounded
in Σ (see Figure 8). Now, by Lemma 3.3 we have
(9) λ = sup
Σ
x1 = sup
∂Σ
x1
Therefore, because ∂Σ ⊂ Π ( δ+λ
2
)
it follows that x1(p) =
δ+λ
2
for all p ∈ Σ, which
is absurd. Moreover, if x1(p) = δ for any p ∈ M, then M and the hyperplane Π(δ)
have a point of contact. Hence by Theorem 2.3 we must have M = Π(δ) and again
we arrive to a contradiction. This finishes the proof that x1(p) < δ for all p ∈ M.
Using the same idea we shall obtain that x1(p) > −δ for all p ∈M. 
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Figure 8. Transversal section of the Σ.
Now, we are going to show that the distance between the two half-hyperplanes is
precisely pi
cos(θ)
, like in the tilted grim reaper cylinder.
Lemma 4.3. We have 2δ = pi
cos(θ)
.
Proof. We argue again by contradiction. Assume at first that 2δ > pi
cos(θ)
. By the
asymptotic behaviour of M we can place a tilted grim reaper cylinder G0,l inside S,
for sufficiently large l, so that G0,l⋂M = ∅ (see Figure 9).
Figure 9. Transversal section of the behaviour of G0,l with respect to M .
Now, consider A := {l ∈ R : G0,l⋂M = ∅} and let l0 = infA. Note that
l0 > −∞ by the asymptotic behaviour of M. If l0 /∈ A, then M and G0,l0 have a
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point of contact. So M = G0,l0 by Theorem 2.3. But this is impossible. On the other
hand, if l0 ∈ A then dist
(
M,G0,l0) = 0. This means that there exists a sequence{
pi = (p
1
i , . . . , p
n+1
i )
}
in M such that the sequences {p1i } and {〈pi, uθ〉} are bounded,
the sequence
{
(0, p2i , . . . , p
n+1
i )− 〈pi, uθ〉uθ
}
is unbounded and dist
(
pi,G0,l0
)
= 0.
Thus, up to a subsequence, one has p1i → p1∞ and 〈pi, uθ〉 → puθ∞ . Then, we consider
the sequence of hypersurfaces {Mi} , where
Mi := M − (0, p2i , . . . , pn+1i ) + 〈pi, uθ〉uθ.
Using Lemma 3.1 we can suppose that Mi ⇀ M∞, where M∞ is a connected sta-
tionary integral varifold with p1∞e1 + p
uθ∞uθ ∈ sptM∞. Hence p1∞e1 +puθ∞uθ is a point
of contact between sptM∞ and G0,l0 . Thus again by Theorem 2.3 we get that
G0,l0 = M, which contradicts our assumptions about the behaviour of M . Conse-
quently 2δ ≤ pi
cos(θ)
. Comparing M with a tilted grim reaper cylinder “outside” M
we conclude 2δ = pi
cos(θ)
. This completes the proof. 
In the next Lemma we prove that the connected components of M \ C, that we
will call from now on the wings of M , are graphs.
Lemma 4.4. If t > 0 is sufficiently large, then the two connected components of
M+(t) are graphs over the hyperplane [en+1]
⊥.
Proof. Observe that, if we take a sufficiently large t, then
M+(t) ⊂M+
(
pi
2 cos(θ)
− τ
)
∪M−
(
− pi
2 cos(θ)
+ τ
)
,
for a small enough τ > 0. Therefore, we only need to prove that if δ is small
enough, then M+
(
pi
2 cos(θ)
− τ
)
is a graph over a subset of [en+1]
⊥. The case of
M−
(
− pi
2 cos(θ)
+ τ
)
is treated in a similar way.
Fix a sufficiently small  > 0, with  < 1
8
. Since G (= G0,0) and M \ C are C1-
asymptotic to the same half-hyperplane contained in Π
(
pi
2 cos(θ)
)
, we can represent
M+
(
pi
2 cos(θ)
− τ
)
as graph over G. Hence, we can find a smooth map ϕ : Tτ :=(
pi
2 cos(θ)
− τ, pi
2 cos(θ)
)
−→ R such that
(10) sup
Tτ
|ϕ| <  and sup
Tτ
|Dϕ| < .
Moreover, the map F˜ : Tτ × Rn−1 −→ Rn+1 given by
(11) F˜ = Fθ + ϕνF ,
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is a parametrization of M+
(
pi
2 cos(θ)
− τ
)
, where Fθ is the parametrization given by
(2) and
νFθ(x1, . . . , xn) = sin(x1 cos(θ))e1 − cos(x1 cos(θ))uθ.
Let us define the map Π : Rn+1 −→ Rn given by Π(x1 . . . , xn+1) = (x1 . . . , xn) and
consider its restriction
(12) Π˜ := Π∣∣∣∣int(M+( pi2 cos(θ)−τ
)) : int(M+ ( pi2 cos(θ) − τ)) −→ Tτ .
Note that the image of Π˜ lies on Tτ , because for all x ∈ int
(
M+
(
pi
2 cos(θ)
− τ
))
we have
pi
2 cos(θ)
− τ < 〈x, e1〉 < pi2 cos(θ) ,
by the definition of M+
(
pi
2 cos(θ)
− τ
)
. The idea here consists of showing that Π˜ is a
diffeomorphism. To deduce this, by a standard topological argument, we only must
check that:
(1) Π˜ is a proper covering map;
(2) int
(
M+
(
pi
2 cos(θ)
− τ
))
is path connected.
First, let us show that Π˜ is a local diffeomorphism. Equivalently, let us show that
H > 0 on M+
(
pi
2 cos(θ)
− τ
)
. Here we will use the parametrization (11). To do this,
we use the orthonormal frame {Ei} given by
{E1 := cos(x1 cos(θ))e1 + sin(x1 cos(θ))uθ , Ej := ej, j ∈ {2, . . . , n− 1}(13)
En := cos(θ)en + sin(θ)en+1 , νF}
Representing the vectors with respect this basis, we obtain that the unit normal NF˜
of F˜ is given by the formula
(14) Ω ·NF˜ = AE1 +B
∑n−1
j=2 (−1)j[n−
j+1
2 ]∂xjϕEj + C∂xnϕEn +BνF ,
where
(15) A := (−1)n−2 (sin(θ) sin(x1 cos(θ))∂xnϕ− cos(x1 cos(θ))∂x1ϕ)
(16) B := 1 + ϕ cos(θ) cos(x1 cos(θ))
(17) C := (−1)n−1 cos(θ) (1 + ϕ cos(θ) cos(x1 cos(θ)))
Ω2 := [sin(θ) sin(x1 cos(θ))∂xnϕ− cos(x1 cos(θ))∂x1ϕ]2(18)
+ [1 + ϕ cos(θ) cos(x1 cos(θ))]
2
(
1 +
∑n
j=2
(
∂xjϕ
)2)
+ cos2(θ) [1 + ϕ cos(θ) cos(x1 cos(θ))]
2 (∂xnϕ)
2
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In particular by (1), we have
Ω·H
cos θ cos(x1 cos(θ))
:= 1 + ϕ cos(θ) cos(x1 cos(θ)) + (−1)n sin(x1 cos(θ))∂x1ϕ
+ (−1)n sin(θ) cos(x1 cos(θ))∂xnϕ+ (−1)n cos(θ) sin(θ)ϕ∂xnϕ(19)
Now by our assumptions about , ϕ and Dϕ we immediately deduce that H > 0 at
all p ∈M+
(
pi
2 cos(θ)
− τ
)
. Hence, Π˜ is a local diffeomorphism.
The previous argument also implies that Π˜ is onto. Indeed, if it does not there
would be a vertical cylinder which intersects Tτ but it would not intersect the set
M+
(
pi
2 cos(θ)
− τ
)
. Taking into account the asymptotic behaviour of M , we could
translate horizontally this cylinder until having a first contact with
int
(
M+
(
pi
2 cos(θ)
− τ
))
.
At this first contact the normal vector field to M would be horizontal, which is
absurd because we have proved that H > 0 on M+
(
pi
2 cos(θ)
− τ
)
.
Finally, let us check that Π˜ is proper. Let K ⊂ Tτ a compact set and {pi}i∈N
be a sequence on Π˜−1(K). Note that the sequence {pi}i∈N is bounded, because of
the asymptotic behaviour of M and the fact that dist (K, ∂Tτ ) > 0. So, up to
a subsequence, we can assume that pi → p∞. Since the set Π˜−1(K) is closed, it
follows that p∞ ∈ Π˜−1(K). This proves that Π˜−1(K) is compact.
At this point, we have that any connected component of int
(
M+
(
pi
2 cos(θ)
− τ
))
is a graph over Tτ . But only one of them contains the wing. This means that if
there were another connected component, Σ, then the function x 7→ 〈x, uθ〉 would
be bounded on Σ and ∂Σ ⊂ Π
(
pi
2 cos(θ)
− τ
)
, which is contrary to Lemma 3.3. Re-
peating the same argument we should obtain that M−
(
− pi
2 cos(θ)
+ τ
)
is graph over
the hyperplane [en+1]
⊥. 
Now we are going to show that is possible to place a tilted grim reaper cylin-
der below M . This means that M lies in the convex region limited by the tilted
grim reaper cylinder. Without loss of generality we can assume from now on that
infM〈x, uθ〉 = 0.
Lemma 4.5. There is a tilted grim reaper cylinder that contains M “inside” it, i.e.,
M lies in the convex region of the complement of a tilted grim reaper cylinder.
Proof. Consider the family of “half”-tilted grim reaper cylinders
(20) Gt,−± :=
{
x ∈ G0,− : ±〈x, e1〉 ≥ 0
}± te1
where  > 0 is fixed and t ∈ [0,∞).
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Figure 10. Transversal section of the behaviour of Gt,−+ with respect
to M .
Let us work with the “half”-tilted grim reaper cylinder Gt,−+ . By taking a suffi-
ciently large t0, we obtain Gt0,−+ ∩M = ∅. Hence the set A defined by
A := {t ∈ [0,∞) : Gt,−+ ∩M = ∅}
is not empty. Take s0 = infA. We claim that s0 = 0. Otherwise, we have two
possibilities for s0 > 0: either s0 ∈ A or s0 /∈ A. If s0 /∈ A then Gt,−+ ∩M 6= ∅
and since ∂Gt,−+ ∩M = ∅, we conclude that Gt,−+ ⊂M , by Theorem 2.3, but this is
absurd because
0 = inf
M
〈x, uθ〉 > infGt,−〈x, uθ〉 = −.
If s0 ∈ A then dist
(Gt,−+ ,M) = 0. This tell us that there exists a sequence{
pi = (p
1
i , . . . , p
n+1
i )
}
in M such that:
i. limi dist
(
pi,Gt,−+
)
= 0;
ii. {p1i } → p1∞ and a < p1i − t < b, where 0 < a < b < pi2 cos(θ) are constants;
iii. {〈pi, uθ〉} → puθ∞ ;
iv. The sequence
{
(0, p2i , . . . , p
n+1
i )− 〈pi, uθ〉uθ
}
is unbounded.
In this case, consider the sequence of hypersurfaces{
Mi = M − (0, p2i , . . . , pn+1i ) + 〈pi, uθ〉uθ
}
.
By Lemma 3.1 we can suppose Mi ⇀ M∞, where M∞ is a connected stationary
integral varifold. Since p1∞e1 + p
θ
∞uθ ∈ Gt,−+ ∩ sptM∞, using again Theorem 2.3
we get Gt,−+ = M∞. But this again contradicts the asymptotic behaviour of M .
Therefore infA = 0, and
G0,−+ ∩M = ∅,
for all  > 0. A symmetric argument shows that G0,−− ∩M = ∅. Thus G0,−∩M = ∅.
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This completes the proof. 
As an application of the previous lemma, we will conclude that our hypersurface
is in fact a graph over the hyperplane [en+1]
⊥.
Lemma 4.6. M is a graph over
(− pi
2 cos θ
, pi
2 cos θ
)× R.
Proof. For each i ∈ N consider the sets
Ti :=
{
v ∈ Rn+1 : 〈v, En〉 ≥ i
}
,
where En := cos(θ)en + sin(θ)en+1, and call α := lim
i
inf
Ti∩M
〈x, uθ〉. Consider a se-
quence
{
pi =
(
p1i , . . . , p
n+1
i
)}
in M such that:
i. pi ∈ Ti ∩M and 〈pi, uθ〉 − infTi∩M〈x, uθ〉 < 1i
ii. {p1i } → p1∞ and − pi2 cos(θ) < p1∞ < pi2 cos(θ) ;
iii. {〈pi, uθ〉} → α;
Consider again the sequence of hypersurfaces{
Mi = M − (0, p2i , . . . , pn+1i ) + 〈pi, uθ〉uθ
}
.
By Lemma 3.1, we can suppose Mi ⇀ M∞, where M∞ is a connected stationary
integral varifold. Since p1∞e1+αuθ ∈ sptM∞, it follows that infsptM∞〈x, uθ〉 ≤ α. We
claim that α = infsptM∞〈x, uθ〉. Indeed, take any p ∈ Rn+1 such that 〈p, uθ〉 < α. Let
Br(p) be the open ball in Rn+1, where r ∈
(
0, α−〈p,uθ〉
4
)
. Note that Br(p)∩Πα = ∅,
where Πα = [uθ]
⊥ + αuθ. Take any  ∈
(
0, α−〈p,uθ〉)
4
)
. By the definition of α, there
is a i0 such that if i > i0 then
(21) inf
Ti∩M
〈x, uθ〉 > α−  > 0.
Let ϕ : Rn+1 −→ [0,∞) be a smooth function such that:
a. sptϕ ⊂ Br(p)
b. ϕ|Br
2
(p)
≡ 1
By (21), if i > i0 we have ∫
Rn+1
ϕdµMi = 0,
where dµMi denotes the Radon (Riemannian) measure associated toMi. This implies
that
∫
Rn+1 ϕdµM∞ = 0 and so p /∈ sptM∞. Consequently α = infsptM∞〈x, uθ〉. Now,
we claim that M∞ coincides with the tilted grim reaper cylinder. The proof follows
by the same idea as in Lemma 4.5 to prove this (see Figure 10). Consider the
“half”-tilted grim reaper cylinder
(22) Gt,α−+ :=
{
x ∈ G0,α− : 〈x, e1〉 ≥ 0
}
+ te1
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where  > 0 and t ∈ [0,∞). Take a sufficiently large t0 so that
Gt0,α−+ ∩ sptM∞ = ∅.
By Lemma 4.5 this is possible. Consider the set
A = {t ∈ [0,+∞) : Gt,α−+ ∩ sptM∞ = ∅},
which is non-empty. We will show that infA = 0. Indeed, otherwise, s0 = infA > 0
satisfy one of the following conditions:
a. Gs0,α−+ and sptM∞ have a point of contact;
b. dist
(Gs0,α−+ , sptM∞) = 0.
According to Theorem 2.3 and Lemma 4.5, the first case is not possible. Regarding
the second case, by Lemma 4.5 there exists a sequence
{
zi = (z
1
i , . . . , z
n+1
i )
}
in
sptM∞ such that:
i. lim
i
dist
(
zi,Gs0,α−+
)
= 0;
ii. {z1i } → z1∞ and a < z1i − t < b where 0 < a < b < pi2 cos(θ) are constants;
iii. {〈zi, uθ〉} → zuθ∞ ;
iv. The sequence
{
(0, z2i , . . . , z
n+1
i )− 〈zi, uθ〉uθ
}
is unbounded;
v. Θ(sptM∞, zi) ≥ 1, where Θ(sptM∞, ·) is the density of the Radon measure
associated to M∞.
At this point, let us consider the sequence{
Mi := M∞ − (0, z2i , . . . , zn+1i ) + 〈zi, uθ〉uθ
}
.
By Remark 3.1 we can suppose Mi ⇀ M∞, where M∞ is a connected stationary
integral varifold. Following the same arguments which we used to show that p∞ ∈
sptM∞ in Lemma 3.2, we see that
z1∞e1 + z
uθ∞uθ ∈ sptM∞ ∩ Gs0,α−+ .
Moreover note that item ii implies that z1∞e1 + z
uθ∞uθ is an interior point of Gs0,α−+ .
Therefore by Theorem 2.3 and Lemma 4.5 we obtain to a contraction. Thus, infA =
0 and
G0,α−+ ∩ sptM∞ = ∅,
because  > 0 and infsptM∞〈x, uθ〉 = α. Similarly, we deduce that
G0,α−− ∩ sptM∞ = ∅.
Hence G0,α− ∩ sptM∞ = ∅.
Now, taking → 0+ and using the fact that
inf
sptM∞
〈x, uθ〉 = min
sptM∞
〈x, uθ〉 = α
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we conclude that sptM∞ touches the tilted grim reaper cylinder G0,α at p1∞e1 +αuθ.
In particular, by Theorem 2.3 we conclude that M∞ = G0,α. This concludes the
proof of our claim. Moreover, by Theorem 2.7 we have Mi −→ M∞ = G0,α, with
multiplicity one.
Let us consider the sets
Si :=
{
v ∈ Rn+1 : 〈v, En〉 ≤ −i
}
,
where i ∈ N. Take β = lim
i
inf
Si∩M
〈x, uθ〉. Let
{
qi =
(
q1i , . . . , q
n+1
i
)}
be a sequence in
M such that:
i. qi ∈ Si ∩M and 〈qi, uθ〉 − infSi∩M〈x, uθ〉 < 1i
ii. {q1i } → q1∞ and − pi2 cos(θ) < q1∞ < pi2 cos(θ) ;
iii. {〈qi, uθ〉} → β.
Then, reasoning as before, we obtain
Ni := M − (0, q2i , . . . , qn+1i ) + 〈qi, uθ〉uθ −→ G0,β,
with multiplicity one.
By Lemma 4.4, we know that there exists a sufficiently large t0, so that M
+(t0)
is a graph over an open set in the hyperplane [en+1]
⊥. Moreover, we can choose at
the same time a small enough τ > 0 so that
M+
(
pi
2 cos(θ)
− 2τ
)
∪M+
(
− pi
2 cos(θ)
+ 2τ
)
⊂M+(t0).
Hence, there is i0 ∈ N such that:
a. There exist strictly increasing sequences of positive numbers {m1i }, {m2i },
{n1i } and {n2i } so that
m1i < m
2
i and −n1i < −n2i , for all i > i0;;
b. There exist smooth functions:
(23) ϕi :
(
− pi
2 cos(θ)
+ τ, pi
2 cos(θ)
− τ
)
× (m1i ,m2i )n−1 −→ R
and
(24) φi :
(
− pi
2 cos(θ)
+ τ, pi
2 cos(θ)
− τ
)
× (−n1i ,−n2i )n−1 −→ R
satisfying
(25) |ϕi| < 1i , |Dϕi| < 1i , |φi| < 1i and |Dφi| < 1i , for all i > i0
and such that the hypersurfaces
Ri := {(x1, . . . , xn+1) ∈M : − pi2 cos(θ) + τ < x1 < pi2 cos(θ) − τ
(x2, . . . , xn−1) ∈ (m1i ,m2i )n−2 , 〈x,En〉 ∈ (m1i ,m2i )}
28 E. S. GAMA AND F. MARTI´N
and
Li := {(x1, . . . , xn+1) ∈M : − pi2 cos(θ) + τ < x1 < pi2 cos(θ) − τ
(x2, . . . , xn−1) ∈ (−n1i ,−n2i )n−2 , 〈x,En〉 ∈ (−n1i ,−n2i )}
can be written as graphs of functions ϕi and φi, respectively, over the corre-
sponding pieces of the tilted grim reaper cylinder as in the proof of Lemma
4.4, where En := cos(θ)en + sin(θ)en+1.
Now following the same idea as in Lemma 4.4, we see that Ri and Li are graphs
over domains in the hyperplane [en+1]
⊥ (for i0 large enough.) Note that Ri and Li
are connected because they are graphs over the connected sets and the convergence
has multiplicity one. Finally, let us consider the exhaustion {Λi} of M by compacts
Figure 11. Picture of Λi and Λi(s0).
sets given by
Λi := {x = (x1, . . . , xn+1) ∈M : (x2, . . . , xn−1) ∈ [−ai, bi]n−2(26)
〈x,En〉 ∈ [−ai, bi] : 〈x, uθ〉 ≤ i}
where ai =
n1i+n
2
i
2
and bi =
m1i+m
2
i
2
.
Since M+(t0), Ri and Li are vertical graphs, then a small strip Bi around the
boundary of Λi is a graph over the hyperplane [en+1]
⊥. Using the Rado’s classical
argument, the former fact implies that Λi is a graph over the hyperplane [en+1]
⊥ if
i > i0. Indeed, assume to the contrary that this is not true. Consider the family
{Λi(s) := Λi + sen+1}s∈R
of translations of Λi into the direction of en+1. Since Λi is compact there exists a
sufficiently large s0 so that
Λi(s0) ∩ Λi = ∅.
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Now move Λi(s0) into direction of −en+1(see Figure 11). Since Λi is not a graph
and Bi ∩ {Bi + sen+1} = ∅, because Bi is a graph over a subset of [en+1]⊥. Then
there exists a s1 ∈ (0, s0) such that Λi(s1) has a point of contact at interior with Λi.
Therefore Λi(s1) = Λi, but this gives us to a contraction. Hence each Λi must be a
graph. Since
⋃
i Λi = M , then M is also a vertical graph. 
Observe that the previous lemma implies that H > 0. Hence, given any v ∈ Rn+1
if ξv = 〈ξ, v〉, then hv = ξvH are well defined on M , where ξ stand for the Gauss map
of M and H is the mean curvature of M .
Lemma 4.7. The functions ξv, H and hv =
ξv
H
satisfy the following equalities
(27) ∆ξv + 〈∇ξv,∇xn+1〉+ |A|2ξv = 0,
(28) ∆H + 〈∇H,∇xn+1〉+ |A|2H = 0,
(29) ∆hv + 〈∇hv,∇(xn+1 + 2 logH)〉 = 0.
Proof. Equation (28) was proved in [12, Lemma 2.1]. Similarly, the proof of (27)
can be found in [17, eq. (3.4.10)]. Equation (29) follows from the combination of
(27) and (28). 
Now we will show that our hypersurface is C2−asymptotic to two half-hyperplanes
with respect to the Euclidean metric.
Lemma 4.8. The hypersurface M is C2−asymptotic outside the cylinder to two
half-hyperplanes with respect to the Euclidean metric.
Proof. To prove this lemma, we will need the following claim.
Claim 4.8.1. There exist a tilted grim reaper cylinder inside the region that lie
above M .
Proof of claim: Note that if t is sufficiently large then M+(t) is graph over the
hyperplane Π(0). Now take the tilted grim reaper G0,t. We will show that it lies in
the region above M . As in Lemma 4.5, let us consider the family
{M∗(s) := M+(0) + se1}s∈[0,+∞) .
Taking into account the asymptotic behaviour of M , there exists a sufficiently
large s0 > 0 so that M∗(s0) ∩ G0,t = ∅. Applying the same argument as in Lemma
4.5 and the fact that M+(t) is graph over Π(0), we conclude that infA = 0, where
A := {s ∈ [0,+∞) : M∗(s) ∩ G0,t = ∅} .
In particular, it holds that M+(0) ∩ G0,t = ∅. Applying the same argument to the
family
{M∗(s) := M−(0)− se1}s∈[0,+∞) ,
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we obtain M−(0) ∩ G0,t = ∅. Hence M ∩ G0,t = ∅ and this proves the claim (see
Figure 12).
Figure 12. Transversal section of the behaviour of M and G0,t in the
left side and transversal section of the behaviour of M \ C and G0,t \ C
in the right side.
Now take any cylinder C so that M\C and G0,t\C have two connected components,
which are C1−asymptotic to two half-hyperplanes. Clearly the family{G0,tC := G0,t \ C − i · uθ}i∈N
converges which respect to the C∞−topology to two hyperplanes Π
(
− pi
2 cos(θ)
)
and
Π
(
pi
2 cos(θ)
)
. This forces the family
{
MCi := M \ C − i · uθ
}
i∈N to converge as sets to
these hyperplanes (see Figure 12). By Theorem 2.6 each component of MCi is stable.
Let M−Ci and M
+C
i be the two connected components of M
C
i that lie on the left side
of the hyperplane Π(0) and on the right side of the hyperplane Π(0), respectively.
It is important to observe that
Area(Mi ∩K) ≤ C(K)
for every compact set K ⊂ Rn+1 where C(K) is a constant only depending on K and
the dimension n, and the area is to take with respect Ilmanen’s metric. Therefore, by
Theorem 2.5, the sequences
{
M−Ci
}
and
{
M+Ci
}
converge in the C∞−topology (with
multiplicity one) to the hyperplanes Π
(
− pi
2 cos(θ)
)
and Π
(
pi
2 cos(θ)
)
, respectively, away
from the singular set, with respect to the Ilmanen’s metric. Now by Theorem 2.7,
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we obtain that the convergence is C∞ with multiplicity one everywhere. This proves
that M is C∞-asymptotic to the half-hyperplanes of Π
(
− pi
2 cos(θ)
)
and Π
(
pi
2 cos(θ)
)
,
with respect to the Ilmanen’s metric.
Finally, we claim that M is C2−asymptotic to the half-hyperplanes Π
(
− pi
2 cos(θ)
)
and Π
(
pi
2 cos(θ)
)
. Let us work with the wing of M which is C1−close to the half-
hyperplane H1 of Π
(
pi
2 cos(θ)
)
. As we know, given  > 0, there exists δ > 0 so
that M can be represent a graph of ϕ defined over H1, with supH1(δ) |ϕ| <  and
supH1(δ) |Dϕ| < . Arguing by contraction, from the definition of C2-asymptotic
implies there exist  > 0 and a sequence {pi} in M such that:
(30) |D2ϕ(pi)| ≥  and 〈pi, uθ〉 → ∞.
Consider the sequence {Mi := M − pi} . The argument above shows that the wings
of Mi which are asymptotic to H1 − pi converge to Π(0) in the C∞−topology, with
respect to Ilmanen’s metric Notice that this wing is graph of a function ϕi(·) =
ϕ(· + pi) − ϕ(pi) which is defined in a half-hyperplane of Π(0) that contain the
origin.
Consider a small geodesic cylinderWr, around 0 ∈ Rn+1, with respect to Ilmanen’s
metric. By definition of convergence in the C∞−topology, there exist sufficiently
large i0 ∈ N so that for all i > i0 the set Wr,∩Mi is a graph of a function ηi defined
over Br(p) ⊂ Π(0) such that supBr∩Π(0) |Dlηi| < /8, for all l ∈ N. Notice that the
hyperplanes parallel to en+1 are totally geodesic and e1 is normal vector to T0Π(0)
and we have the following relation between ϕi and ηi:
ϕi(exp0(q + ηi(q)e1)− 〈exp0(q + ηi(q)e1), e1〉e1) = 〈exp0(q + ηi(q)e1), e1〉.
Differentiating twice and evaluating at q = 0, we deduce that
〈D2 exp0(ui, wi), e1〉+D2ηi(u,w) = D2ϕi(u,w)
+ dϕi[D
2 exp0(ui, wi)− 〈D2 exp0(ui, wi), e1〉e1],
where ui := u + dηi(u)e1. From this expression, the control on the C
∞ norm of ηi
and on the C1 norm of ϕ we get a contraction with |D2ϕi(0)| = |D2ϕ(pi)| ≥ , if i
is sufficiently large. This proves the lemma. 
For the sake of simplicity, let us set hj :=
〈ξ,ej〉
H
, where j ∈ {2, . . . , n − 1} and
hn =
〈ξ,En〉
H
(recall that En = cos(θ)en + sin(θ)en+1.) Using the previous lemma we
can obtain some information about the behaviour of the functions hj at the ends of
M .
Lemma 4.9. The functions hj, j ∈ {2, . . . , n}, tend to zero as we approach the end
of M.
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Proof. Consider the exhaustion {Λi} given by (26). Notice that the boundary of
each Λi consists of the following 2n− 1 regions
Λ1i := {x = (x1, . . . , xn+1) ∈M : (x2, . . . , xn−1) ∈ [−ai, bi]n−2
〈x,En〉 ∈ [−ai, bi] , 〈x, uθ〉 = i}
Λ−2i := {x = (x1, . . . , xn+1) ∈M : (x3, . . . , xn−1) ∈ [−ai, bi]n−3 , 〈x, uθ〉 ≤ i
x2 = −ai , 〈x,En〉 ∈ [−ai, bi]}
Λ+2i := {x = (x1, . . . , xn+1) ∈M : (x3, . . . , xn−1) ∈ [−ai, bi]n−3 , 〈x, uθ〉 ≤ i
x2 = bi , 〈x,En〉 ∈ [−ai, bi]}
...
Λ−ni := {x = (x1, . . . , xn+1) ∈M : (x2, . . . , xn−1) ∈ [−ai, bi]n−2
〈x, uθ〉 ≤ i , 〈x,En〉 = −ai}
and
Λ+ni := {x = (x1, . . . , xn+1) ∈M : (x2, . . . , xn−1) ∈ [−ai, bi]n−2
〈x, uθ〉 ≤ i , 〈x,En〉 = bi}
Let us study the behaviour of hj in a small strip around the boundary of Λi. We
begin our analysis in the connected component Λ1i . Fix any sufficiently small  > 0.
Taking into account Lemma 4.8 and the definition of M+(t), we can use a similar
argument as in the proof of Lemma 4.4 to guarantee the existence of a sufficiently
large i1(> i0), a sufficiently small τ > 0 and a smooth function ϕ defined on the
strip
Sτ :=
[(
− pi
2 cos(θ)
,− pi
2 cos(θ)
+ τ
)
∪
(
pi
2 cos(θ)
− τ, pi
2 cos(θ)
)]
× Rn−1
satisfying
(31) sup
Sτ
|ϕ| < , sup
Sτ
|Dϕ| <  and sup
Sτ
|D2ϕ| < 
and such that M+(i1) is graph of this function over the corresponding strip in the
tilted grim reaper cylinder. From (14) and (19) we obtain
(32) hj =
α(j)
cos(θ)
∂xjϕ
cos(x1 cos(θ))
1 + ϕ cos(θ) cos(x1 cos(θ))
1 + σ(ϕ,Dϕ)
,
where α(j) = (−1)j
[
n− j+1
2
]
, if j ∈ {2, . . . , n− 1} and α(n) = (−1)n−1 cos(θ). Here
σ(ϕ,Dϕ) := ϕ cos(θ) cos(x1 cos(θ))
+ (−1)n{sin(θ)(1 + ϕ cos(θ))∂xnϕ+ sin(x1 cos(θ))∂x1ϕ}
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Using the fact that M+(i1) is a graph over the tilted grim reaper cylinder and it is
C2−asymptotic to the half-hyperplane, we conclude that for all fixed (x2, . . . , xn)
we have
lim
x1→ pi2 cos(θ)
−
|ϕ| = lim
x1→ pi2 cos(θ)
−
|Dϕ| = 0.
Therefore
(33)
|∂xjϕ(x1, x2, . . . , xn)| =
∣∣∣∣∣−
∫ pi
2 cos(θ)
x1
∂xjx1ϕ(x, x2, . . . , xn)dx
∣∣∣∣∣ ≤ ( pi2 cos(θ) − x1) .
So, by (31), (32) and (33) we obtain that |hj(x)| < o(), for all x near Λ1i . Thus
(34) sup
N(Λ1i )
|hj| < o()
where N (Λ1i ) is a small neighborhood the Λ
1
i in Λi, if i > i1.
Now we are going to work with the components of ∂Λi that intersect M
−(i1).
Since Ri and Li are C
1-close to a strip in the tilted grim reaper cylinder, there is
sufficiently large i2 such that Ri ∩ {(x1, . . . , xn+1) ∈ Rn+1; 〈x, uθ〉 ≤ i1} is a graph
over the strip in the tilted grim reaper cylinder of a function ϕi defined in the strip
Gτ :=
(
− pi
cos(θ)2
+
τ
2
,
pi
2 cos(θ)
− τ
2
)
× (m1i ,m2i )n−1
satisfying the following properties
(35) sup
Gτ
|ϕi| <  and sup
Gτ
|Dϕi| < .
The same estimate is true for Li. Furthermore, since cos(x1 cos(θ)) > κ > 0 in Gτ ,
for a suitable constant κ, then (35) and (32) gives us that supGτ |hj| < o(). Hence
(36) sup
N(Λ±ki )
|hj| < o(),
where k ∈ {2, . . . , n} and N (Λ±ki ) is a small neighbourhood of the Λ±ki in Λi. Hence
for (34) and (36) we have supN(∂Λi) |hj| < o(), for any i ∈ N, i > max{i1, i2}. 
Now we are ready to prove the main theorem of this paper.
Proof of Theorem 4.1. Recall that we are assuming that M is asymptotic to half-
hyperplanes that are contained in different hyperplanes and that infM(〈x, uθ〉) = 0.
According to Lemma 4.9 there is an interior point where hj has an extremum. Then,
because hj is a solution of (29), we can apply Hopf’s maximum principle to conclude
that hj = 0, that is, ξj = 0 on M for all j ∈ {2, . . . , n}. In particular, each ej and
En are tangent vectors of M for j ∈ {2, . . . , n− 1} at all point of M . Thus, we can
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consider a global orthonormal frame in M , {E1, Ej = ej; j ∈ {2, . . . , n− 1, } ;En}
(see (13)), where E1 = E2 ∧ . . . ∧ En ∧ ξ. Differentiating each ξj, j ∈ {2, . . . , n},
with respect to Ek, k ∈ {1, . . . , n}, we deduce
0 = Ek(ξj) = Ek〈ξ, Ej〉 = 〈DEkξ, Ej〉 = A(Ek, Ej).
Thus
|A|2 =
∑
i,j
A(Ej, Ek)
2 = A(E1, E1)
2 = H2.
Therefore, by [12, Theorem B] we conclude that M = G0,0, because 0 = infM〈x, uθ〉.

4.2. The case θ = pi/2. Now we are going to work in the case when the cylinder
is vertical, i.e. the axis of the cylinder is parallel to the translating velocity. The
philosophy now is to compare M with a suitable translation of itself to arrive a
contraction. Then we need that the limit of the translated hypersurfaces is also
smooth, but this holds true if n < 7. However, we conjecture that the result is true
for any dimension. First of all, we would like to point out the following:
Remark 4.1. The Dynamics Lemma (Lemma 3.1) is still true in this situation, for
every n ≥ 2. The proof works exactly as in the case θ < pi/2, except the proof that the
sequence {M−i (δ)} has locally bounded area. In this case, in order to prove that the
area blow-up set is empty we use as barriers the family Pλ = W
2
λ × Rn−2 (cylinders
over the translating catenoid of dimension 2), for a sufficiently large λ > 0 so that
the cylinder lies inside the neck of Pλ = W
2
λ×Rn−2. Hence, if the set of area blow-up
is not empty, then we could move Pλ = W
2
λ ×Rn−2 until we get a first contact point
with the area blow-up set, which is impossible.
Theorem 4.2 (Vertical Cylinders). Let Mn ⊂ Rn+1 be a complete, connected, prop-
erly embedded translating soliton and C := {x ∈ Rn+1 : 〈x, e1〉2 + 〈x, en〉2 ≤ r2}, for
r > 0. Assume that M is C1-asymptotic to two half-hyperplanes outside C and n < 7.
Then M must coincide with a hyperplane parallel to en+1.
Proof. We claim that H1 and H2 are parallel. Assume to the contrary that is true.
Then we could take a hyperplane parallel to en+1, Γ, such that it does not intersect
M and such that the normal vector v to Γ is not perpendicular to w1 and w2.
Translate Γ by t0 ∈ R in the direction of v until we get a hyperplane Γt0 := Γ + t0v
such that either Γt0 and M have a first point of contact or dist (Γt0 ,M) = 0 and
Γt0 ∩M = ∅. The first case is not possible by Theorem 2.3. Regarding the second
case, we can reason as in Lemma 3.2 to see that this case is also impossible.
Notice that we can not have either H1 ⊂ H2 or H2 ⊂ H1, because in these cases
we could take a hyperplane parallel to en+1, Υ, whose normal is exactly w1 and do
not intersect M. Now we could move Υ into direction of w1 until there exists t0 > 0
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such that either Υ+t0w1 and M have a first point of contact or {Υ + t0w1}∩M = ∅
and dist (Υ + t0w1,M) = 0. Reasoning as in the above paragraph, we can conclude
that booth situations are impossible.
Remark 4.2. We would like to point out that until this point the argument is valid
for any dimension. In the remaining part of the proof we shall need that n < 7.
Denote by Π1 and Π2 the hyperplanes that contain the half-hyperplane H1 and
H2, respectively. By the previous claims, Π1 and Π2 are parallel. We claim that Π1
and Π2 coincide. Notice that this proves our theorem, because if we reason as at
the end of Lemma 3.2 we can deduce that M coincides Π1(= Π2.)
Suppose to the contrary that Π1 6= Π2. Let ν be the normal vector to Π1 and
take s0 sufficiently large so that M + s0ν does not intersect the slab limited by Π1
and Π2. Now consider a sufficiently large t0 > 0 so that (M ∩ C) + s0ν + t0w1 lies in
Z+1,δ (see Lemma 3.1) and notice that the wing of M which corresponds to H1(δ) is
a graph over this set. Define the set
A := {s ∈ [0,∞); {M + sν + t0w1} ∩M = ∅}.
Let s1 := infA > 0. We have two possibilities: either s1 /∈ A or s1 ∈ A. The first
case implies that M +s1ν+ t0w1 and M have a point of contact, which is impossible
by Theorem 2.3. In the second case, we must have
dist (M + s1ν + t0w1,M) = 0
and {M + s1ν + t0w1} ∩M = ∅. This means that there exist sequences {pi} in M ∩
Z+1,δ and {qi} in {M + s1ν + t0w1} ∩ Z+1,δ such that dist{pi, qi} = 0, note that we
can suppose {〈qi, e1〉}, {〈pi, e1〉} → a and {〈qi, en〉}, {〈pi, en〉} → b. Consider the
sequences
{Mi := M − (0, p2, . . . , pn−1, 0, pn+1)}
and
{M̂i := M + s1ν + t0w1 − (0, q2, . . . , qn−1, 0, qn+1)}.
By Remark 4.1, up to a subsequence, Mi ⇀M∞ and M̂i ⇀ M̂∞, where M∞ and M̂∞
are connected stationary integral varifold, and (a, 0, . . . , 0, b, 0) ∈ sptM∞ ∩ spt M̂∞.
Furthermore, by Theorem 2.5 and our hypothesis, the point (a, 0, . . . , 0, b, 0) lies in
the region where M∞ is smooth. Hence Theorem 2.3 implies that M∞ = M̂∞, which
is impossible. Therefore Π1 = Π2 = M. 
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